Abstract. Motivated by our conjecture of an earlier work predicting the degeneration at the second page of the Frölicher spectral sequence of any compact complex manifold supporting an SKT metric ω (i.e. such that ∂∂ω = 0), we prove degeneration at E 2 whenever the manifold admits a Hermitian metric whose torsion operator τ and its adjoint vanish on ∆ ′′ -harmonic forms of positive degrees up to dim C X. Besides the pseudo-differential Laplacian inducing a Hodge theory for E 2 that we constructed in earlier work and Demailly's Bochner-Kodaira-Nakano formula for Hermitian metrics, a key ingredient is a general formula for the dimensions of the vector spaces featuring in the Frölicher spectral sequence in terms of the asymptotics, as a positive constant h decreases to zero, of the small eigenvalues of a rescaled Laplacian ∆ h , introduced here in the present form, that we adapt to the context of a complex structure from the well-known construction of the adiabatic limit and from the analogous result for Riemannian foliations of Alvarez López and Kordyukov.
the eigenvalues' decay rate to zero as h ↓ 0. This result and its proof are strongly inspired by the analogous result for foliations proved byÁlvarez López and Kordyukov in [ALK00]. However, to our knowledge, this particular form of the result in the context of the Frölicher spectral sequence seems new and is of independent interest. Theorem 1.3. Let (X, ω) be a compact Hermitian manifold with dim C X = n. For every r ∈ N ⋆ and every k = 0, . . . , 2n, the following identity holds:
where E k r := ⊕ p+q=k E p, q r is the direct sum of the spaces of total degree k on the r th page of the Frölicher spectral sequence of X, while 0 ≤ λ The proof of this statement proceeds along the lines of the one given in [ALK00] for the analogous statement in the foliated case with some simplifications, adjustments and inevitable differences in detail. We spell it out in section §.4. In the proof of Theorem 1.3, we also use our pseudo-differential Laplacian ∆ = ∂p
p, q (X, C) (where p ′′ is the orthogonal projection onto ker ∆ ′′ ) constructed in every bidegree (p, q) in [Pop16] and shown there to induce a Hodge isomorphism between its kernel and the space E p, q 2 of bidegree (p, q) featuring on the second page of the Frölicher spectral sequence.
Along with Theorem 1.3 and the pseudo-differential Laplacian ∆, the third main ingredient in the proof of Theorem 1.2 is the following formula of the Bochner-Kodaira-Nakano type for Hermitian (not necessarily Kähler) metrics ω established by Demailly in [Dem84] (see also [Dem97, VII, §.1): This paper owes much to the ideas and techniques in our main source of inspiration [ALK00] and to the treatment given to the Leray spectral sequence in [MM90] and [For95] , although the setting and the objectives are different.
In the Appendix, we give an estimate of the discrepancy between the Laplacians ∆ ′ and ∆ ′′ under the SKT assumption on the metric ω (cf. Lemma 7.1). This is of independent interest and leads to the lower bound −Ch 2 for the operator ∆ h − h 2 ∆ for all 0 < h < 1 when ω is SKT, where C ≥ 0 is a constant independent of h that can be chosen to be any upper bound of the non-negative bounded torsion operator [τ ,τ ⋆ ] (cf. Lemma 7.2). In view of Theorem 1.3 and some minor extra arguments, if the lower bound −Ch 2 could be improved to 0, Conjecture 1.1 would be solved, but at the moment we are unfortunately short of arguments to perform this improvement. Notation 1.4. For a given Hermitian metric ω on a given compact complex manifold X, , = , ω will stand for the L 2 inner product defined by ω on the spaces C ∞ p, q (X, C) (resp. C ∞ k (X, C)) of smooth differential (p, q)-forms (resp. k-forms) on X, while || || = || || ω will denote the corresponding L 2 -norm. For self-adjoint linear operators A, B on the bi-graded algebra ⊕ p, q C ∞ p, q (X, C),
by A ≥ B we shall mean (as is the standard convention) that Au, u ≥ Bu, u for every form u lying in the space on which A and B are defined. We shall also use the usual bracket [A, B] := AB − (−1) ab BA for graded linear operators A, B of respective degrees a, b on the algebra ⊕ k Λ k T ⋆ X of differential forms on X.
u, v ω h = h p u, h p v ω = θ h u, θ h v ω for all u, v ∈ Λ p, q T ⋆ X.
In particular, we have defined a Hermitian metric ω h = 1 h 2 ω, h > 0, on the holomorphic tangent bundle T 1, 0 X of vector fields of type (1, 0), or equivalently, a rescaled C ∞ positive-definite (1, 1)-form ω h = h −2 ω on X. This induces a C ∞ positive volume form
ω n n! = 1 h 2n dV ω on X, which in turn gives rise, in conjunction with the above pointwise inner product , ω h , to the following L 2 inner product
for all forms u, v ∈ C ∞ p, q (X, C) and all bidegrees (p, q).
Formula 2.2. For all (p, q)-forms u, v, we have u, v ω h = 1 h 2(n−p) u, v ω , hence ||u|| ω h = h −(n−p) ||u|| ω .
Proof. The formula follows at once from the last identity and from the fact that θ h u = h p u for all (p, q)-forms u.
Definition 2.3. Let (X, ω) be a compact Hermitian manifold with dim C X = n. For every k = 0, . . . , 2n and every constant h > 0, we consider the d-Laplacian w.r.t. the rescaled metric ω h acting on C ∞ k-forms on X:
is the formal adjoint of d w.r.t. , ω h and , ω h has been extended from the spaces C
by sesquilinearity and by imposing that u, v ω h = 0 whenever u ∈ C ∞ p, q (X, C) and v ∈ C ∞ r, s (X, C) with (p, q) = (r, s).
Rescaling the differential
The second operation we will consider is a partial rescaling of d = ∂ +∂ that applies solely to its component of type (1, 0). Definition 2.4. Let X be a compact complex manifold, dim C X = n. For every constant h > 0, let 
h on pure-type forms, so this identity extends to arbitrary forms by linearity. (ii) On the one hand, d
so we have the equivalence:
h v), so we have the equivalence:
These equivalences show that the linear map
is well defined and bijective.
In particular, the spectral sequences induced by the pairs of differentials (∂,∂) and (h∂,∂) are isomorphic, so degenerate at the same page. The first of them is the Frölicher spectral sequence of X.
Definition 2.6. Let (X, ω) be a compact Hermitian manifold with dim C X = n. For every constant h > 0 and every degree k ∈ {0, . . . , 2n}, we consider the d h -Laplacian w.r.t. the given metric ω acting on C ∞ k-forms on X:
(This fails, in general, if u is not of pure type, unless the metric ω is Kähler.)
The rescaled Laplacians ∆ ω h and ∆ h are related by the formula
The second identity in (i) follows by taking conjugates in
So, the terms measuring the deviations of ∆ ω h and ∆ h from h 2 ∆ ′ + ∆ ′′ are of order 1 and we get the alternative formulae for ∆ ω h and ∆ h spelt out in the statement.
(iii) For any smooth (p, q)-form α, we have
Thus, θ h ∆ ω h θ −1 h = ∆ h on pure-type forms and this identity extends to arbitrary forms by linearity.
Corollary 2.8. Let (X, ω) be a compact Hermitian manifold with dim C X = n. For every constant h > 0 and every degree k ∈ {0, . . . , 2n}, the spectra of the rescaled Laplacians
and their respective eigenspaces are obtained from each other via the rescaling isometry θ h :
where E ∆ω h (λ), resp. E ∆ h (λ), stands for the eigenspace corresponding to the eigenvalue λ of the operator ∆ ω h , resp. ∆ h . Thus, ∆ h and ∆ ω h have the same eigenvalues with the same multiplicities.
. These implications also hold in reverse order, so we get the equivalences:
These equivalences amount to (6) and (7).
Another consequence of the above discussion is a Hodge Theory for the d h -cohomology and the resulting equidimensionality of the kernels of ∆ and ∆ h in every degree.
Corollary 2.9. Let (X, ω) be a compact Hermitian manifold with dim C X = n. For every constant h > 0 and every degree k ∈ {0, . . . , 2n}, the operator
This, in turn, induces the Hodge isomorphism
Proof. Since X is compact and ∆ h is elliptic and self-adjoint, a standard consequence of Gårding's inequality (see e.g. [Dem97, VI] ) yields the two-space orthogonal decomposition C 
The differentials in the Frölicher spectral sequence
We begin by recalling the well-known construction of the Frölicher spectral sequence in order to fix the notation and to point out the key features for us.
Let X be a compact complex manifold with dim C X = n. Recall that the zero-th page E 0 of the Frölicher spectral sequence of X consists of the spaces E p, q 0 := C ∞ p, q (X, C) of smooth pure-type forms on X and of the type-(0, 1) differentials d 0 :=∂ forming the Dolbeault complex:
Thus, in every bidegree (p, q), the inclusions Im d
(X, C) are the Dolbeault cohomology groups of X. The first page E 1 of the Frölicher spectral sequence consists of the spaces E p, q 1
where d 
where E . It is worth stressing that (8), (9) and (10) only assert that the vector spaces on either side of ≃ are isomorphic, but no choice of preferred isomorphism is possible at this stage.
A classical result of Frölicher [Fro55] asserts that this spectral sequence converges to the De Rham cohomology of X and degenerates after finitely many steps. This means that there are (noncanonical) isomorphisms:
where
N for all p, q and where N ≥ 1 is the positive integer such that the spectral sequence degenerates at E N .
Identification of the d r 's with restrictions of d
Summing up (8), (9), (10) over r = 0, . . . , N −1, we get (infinitely many, non-canonical) isomorphisms
for every bidegree (p, q). Note that the isomorphisms (8), (9) with certain subspaces of C ∞ p, q (X, C). However, these subspaces have not been specified yet since multiple choices (and no canonical choice) are possible for the isomorphisms (8), (9), (10). These choices can only be made unique once a Hermitian metric has been fixed on
Thus, under these isomorphisms, the operator
where the isomorphism d
to the third piece on the r.h.s. of (10). The fact that d r is of type (r, −r + 1) will play a key role in the sequel.
On the other hand, summing up the splittings of C ∞ p, q (X, C) over p ≥ s for any given s, we get
where we set m
and, under the identifications defined by the isomorphisms (8), (9), (10), the following inclusions hold:
l ) in keeping with identification (12). Proof. (i) For every fixed r, summing up the splittings (10) with l in place of r over l ≥ r and then summing up over p + q = k for every fixed k, we get
Betti number of X) thanks to (11), so taking dimensions in the above isomorphism, we get (13).
is an isomorphism of type (l, −l + 1) for all l, p, q, we get for all l ≥ r:
under the identification of each space E p+l, q−l+1 l with a subspace of C ∞ p+l, q−l+1 defined by the isomorphisms (8), (9), (10). This proves (14).
Explicit description of the above identifications
We take this opportunity to point out an explicit description of the differentials d r in cohomology and of their unique realisations induced by a given Hermitian metric on X.
Lemma 3.2. Let X be a compact complex manifold with dim C X = n.
(i) For every r and every bidegree (p, q), the vector space of type (p, q) featuring on the r th page of the Frölicher spectral sequence of X can be explicitly described as the following set of multicohomology classes (i.e. each of these is the d r−1 -class of a d r−2 -class . . . of a d 1 -class of a∂-class):
where condition (P r ) on α requires the existence of forms
(ii) For every r and every bidegree (p, q),
featuring on the r th page of the Frölicher spectral sequence of X is explicitly described as
r . Moreover, this description of d r is independent of the choice of forms u l ∈ C ∞ p+l, q−l (X, C) in (16) (which are unique only modulo ker∂). Proof. These facts are well-known (cf. [CFGU97] ). We will only explain the well-definedness of formula (17) for d r . Let (u 1 , . . . , u r−1 ) and (u 1 + ζ 1 , . . . , u r−1 + ζ r−1 ) be two sets of forms satisfying (16), i.e.∂α = 0, ∂α =∂u 1 =∂(u 1 + ζ 1 ) and ∂u 1 =∂u 2 and ∂(u 1 + ζ 1 ) =∂(u 2 + ζ 2 ), . . . , ∂u r−2 =∂u r−1 and ∂(u r−2 + ζ r−2 ) =∂(u r−1 + ζ r−1 ).
These identities imply the identities ∂ζ 1 = 0, ∂ζ 1 =∂ζ 2 , . . . , ∂ζ r−2 =∂ζ r−1 , which, in turn, imply that ζ 1 satisfies condition (P r−1 ) (hence defines a multi-cohomology class lying in E p+1, q−1 r−1 ) and that
Thus, the result we get by formula (17) for
is the same whether we work with the choices (u 1 , . . . , u r−1 ) or (u 1 + ζ 1 , . . . , u r−1 + ζ r−1 ).
. This helps to explain that, intuitively, d acts as d r on representatives of E r -classes (cf. (12)). Now, recall that infinitely many choices are possible for the isomorphisms (8), (9) and (10). However, any fixed Hermitian metric ω on X selects a unique realisation of each of these isomorphisms and, implicitly, identifies each space E p, q r with a precise subspace H p, q
induces a linear map (denoted by the same symbol) d 
Note that we have
. Also note that standard Hodge theory (for the elliptic differential operator ∆ ′′ ) is used to ensure that Im d
is finite-dimensional. However, all the other images Im d p−r, q+r−1 r are automatically closed since they are (necessarily finite-dimensional) vector subspaces of a finite-dimensional vector space. It is also possible to construct pseudo-differential operators ∆ (r) : C ∞ p, q (X, C) −→ C ∞ p, q (X, C) whose kernels are isomorphic to the spaces H p, q r (cf. forthcoming joint work of the author with L. Ugarte, where the Hodge theory found in [Pop16] for the second page of the Frölicher spectral sequence is extended to all the pages), making these spaces into harmonic spaces for these pseudo-differential Laplacians, but the mere spaces H p, q r suffice for our purposes in this paper.
When the vector space C (necessarily satisfying condition (P r )). For l ∈ {1, . . . , r − 1}, let u l ∈ C ∞ p+l, q−l (X, C) be the unique solutions with minimal L 2 ω -norms of the equations ∂α = 0, ∂α =∂u 1 , ∂u 1 =∂u 2 , . . . , ∂u r−2 =∂u r−1 constructed inductively from one another. The well-known Neumann formula yields u 1 = ∆ ′′ −1∂⋆ (∂α) and u l = ∆ ′′ −1∂⋆ (∂u l−1 ) for l ∈ {2, . . . , r − 1}.
In particular, the maps α → u 1 and u l−1 → u l are linear. For all r, p, q, we define the linear operator 4 Use of the rescaled Laplacians in the study of the Frölicher spectral sequence
In this section, we prove Theorem 1.3. As in [ES89] , [GS91] , [ALK00], we consider the spectrum distribution function associated with any of the rescaled Laplacians ∆ h , ∆ ω h in our context. Its definition and its study are made far simpler in this setting than in those references by the manifold X being compact and by the Laplacians ∆ ′ , ∆ ′′ being elliptic. ) Let (X, ω) be a compact Hermitian manifold with dim C X = n. For every k = 0, . . . , 2n and every λ ≥ 0, the following identity holds
where b k is the k th Betti number of X and the function F k h : [0, +∞) −→ N is defined by
where L ranges over the closed vector subspaces of the quotient space C
(The understanding is that ||dζ|| ω h stands for the usual L 2 -norm induced by the metric ω h , while ||ζ|| ω h stands for the quotient norm induced on C
We will present a detailed proof of this statement along the lines of [ES89] with a few minor simplifications afforded by our special setting where the manifold X is compact and the operator ∆ h is elliptic. While a more general version for unbounded operators on L 2 spaces was needed in [ALK00], we stress that, in this context, we can confine ourselves to the case of operators on spaces of C ∞ differential forms. The main step is the following statement (a version of the classical Min-Max Principle) that was proved in a more general setting in [ES89] . Proposition 4.3. Let (X, ω) be a compact Hermitian manifold with dim C X = n. For an arbitrary k ∈ {0, . . . , 2n}, let P :
be an elliptic, self-adjoint and non-negative differential operator of order ≥ 1.
Then, for every λ ≥ 0, the spectrum distribution function N k of P (i.e. N k (λ) is defined to be the number of eigenvalues of P , counted with multiplicities, that are ≤ λ) is given by the following identities (in which the suprema are actually maxima):
where L 
(In other words, E is the orthogonal projection onto one of the subspaces L ∈ L
Proof. The second identity in (23) follows at once from the fact that the dimension of any closed subspace L ⊂ C ∞ k (X, C) equals the trace of the orthogonal projection onto L. So, we only have to prove the first identity in (23).
Since X is compact and P is elliptic, self-adjoint and non-negative, the spectrum of P is discrete and consists of non-negative eigenvalues, while there exists a countable orthonormal (w.r.t. the L 2 ω -inner product) basis of C ∞ k (X, C) (and of the Hilbert space L 2 k (X, C) of L 2 k-forms) consisting of eigenvectors of P . For every µ ≥ 0, let E P (µ) ⊂ C ∞ k (X, C) be the eigenspace of P corresponding to the eigenvalue µ (with the understanding that E P (µ) = {0} if µ is not an actual eigenvalue). The spaces E P (µ) are finite-dimensional and consist of C ∞ forms since P is assumed to be elliptic (hence also hypoelliptic) and X is compact.
For every λ ≥ 0, let
To prove the reverse inequality, let λ ≥ 0 and let L ∈ L (k)
λ . The existence of an orthonormal basis of eigenvectors implies the orthogonal direct-sum decomposition
In particular, ⊕ µ>λ E P (µ) = ker E λ , where E λ is the orthogonal projection onto ⊕ 0≤µ≤λ E P (µ). Now, P u, u > λ||u|| 2 for all u ∈ ⊕ µ>λ E P (µ) \ {0}, while P u, u ≤ λ||u|| 2 for all u ∈ L. So, L ∩ ker E λ = L ∩ ⊕ µ>λ E P (µ) = {0}. This implies that the restriction 
and where
Moreover, each of the three subspaces into which C ∞ k (X, C) splits in (24) is ∆ ω h -invariant, i.e. 
. In other words, they are described as follows:
and L
) and that du = 0 whenever u ∈ E k (X, C) (since Im d ⊂ ker d).
The last ingredient we need is the following very simple observation.
Lemma 4.5. For every λ ≥ 0 and every k ∈ {−1, 0, . . . , 2n}, we have
Proof. We know from the orthogonal decompositions (24) that the restriction of 
for all k and all λ ≥ 0. Using Lemma 4.5, this is equivalent to (20).
On the other hand, the descriptions (25) and (26) Proof. We adapt to our setting the proof of the corresponding result in [ALK00]. Let ω and ω ′ be two Hermitian metrics on X. They induce, respectively, rescaled metrics (ω h ) h>0 and (ω
Metric independence of asymptotics
Since X is compact, there exists a constant C > 0 such that the respective L 2 -norms satisfy the following inequalities in every bidegree (p, q):
The constant C is independent of h > 0 thanks to Formula 2.2.
Thanks to Proposition 4.2, this implies that
By symmetry, we also get
, so putting the last two inequalities together, we get
The proof is complete.
Proof of the inequality "≤" in Theorem 1.3
We are now in a position to prove the following Theorem 4.7. Let (X, ω) be a compact Hermitian manifold with dim C X = n. For every r and every k = 0, . . . , 2n, the following inequality holds:
Proof. We have to prove the existence of a uniform constant C > 0 such that dim E ( 20) of Proposition 4.2). Thus, it suffices to prove that
for a uniform constant C > 0 and for all r and k. Now, thanks to the definition (21) of F 
splits uniquely as ζ = p+q=k ζ p, q with ζ p, q ∈ L p, q r for all p, q.
Thus, it suffices to prove that, for a uniform constant C > 0, we have
This holds mainly because d r is of type (r, −r + 1), so d r increases the holomorphic degree by r and thus the norm | | ω h brings out an extra factor h r . Specifically, for every ζ p, q ∈ L p, q r , (14) of Lemma 3.1 yields dζ
p+r . Therefore, the holomorphic degree of dζ p, q is ≥ p + r, so from Formula 2.2 we get
r is a finite-dimensional vector subspace of C ∞ k (X, C)/ ker d, so there exists a constant C r > 0 (depending on r, p, q, but independent of h) such that ||dζ p, q || ω ≤ C r ||ζ p, q || ω for all ζ p, q ∈ L p, q r . Meanwhile, Formula 2.2 tells us again that ||ζ p, q || ω = (h n /h p ) ||ζ p, q || ω h , so putting the last three relations together, we get to be the ω h -harmonic representative of its class (also denoted by ζ p, q ) and to play the role of α of Conclusion 3.4, we can re-write the above inequalities in a more detailed form as follows:
where P and T are the linear maps P
-norm when applied to a form and for the induced quotient norm when applied to a class.
Preliminaries to the proof of the inequality "≥" in Theorem 1.3
We will need a few simple observations. Lemma 4.8. Let (X, ω) be a compact Hermitian manifold with dim C X = n. For every bidegree (p, q) and every (p, q)-form u on X, the following identities hold:
Proof. The latter identity is obvious, so we will only prove the former one. Since u is of pure type, (4) yields the first identity below, while the second identity follows from Formula 2.2:
The last identity followed again from (4).
Lemma 4.9. Let u ∈ C ∞ p, q (X, C) be an arbitrary form. Considering the splitting C) is an isomorphism), the following identity holds:
Proof
orthogonal (w.r.t. any metric) when r varies. We get
where for the last identity we used Formula 2.2.
Lemma 4.10. For every r and every bidegree (p, q), the formal adjoints of d r w.r.t. the metrics ω h and ω compare as follows:
Consequently, for every form u ∈ C ∞ p, q (X, C), the following counterpart of Lemma 4.9 for the adjoints holds. Considering the splitting (d
with v r ∈ Im d p−r, q+r−1 r (see §.3.1), the following identity holds:
v r 's (due to bidegree reasons) and Formula 2.2, we get
This proves (35).
Putting together (32), (33) and (35), we get Corollary 4.11. Let (X, ω) be a compact Hermitian manifold with dim C X = n. For every bidegree (p, q) and every (p, q)-form u on X, the following identity holds:
where u splits uniquely (cf. §.3.1) as
4.5 Proof of the inequality "≥" in Theorem 1.3
Following again the analogy with the foliated case of [ALK00], we will actually prove a stronger statement from which the following result will follow as a corollary.
Theorem 4.12. Let (X, ω) be a compact Hermitian manifold with dim C X = n. For every r and every k = 0, . . . , 2n, the following inequality holds:
The first main ingredient we will use is the pseudo-differential Laplacian
The pseudo-differential Laplacian ∆ gives a Hodge theory for the second page of the Frölicher spectral sequence in the sense that there is a Hodge isomorphism C) ) for all p, q = 0, . . . , n.
(37)
where the constant C > 0 exists because the linear operators τ and τ ⋆ are of order zero, hence bounded. In particular, we get the operator inequality −h([τ,
which, alongside (38), proves the contention.
We are now ready to state and prove a general result that will imply Theorem 4.12.
Theorem 4.14. Let (X, ω) be a compact Hermitian manifold with dim C X = n. Let k ∈ {0, . . . , 2n} and r ≥ 1 be fixed integers. Suppose there exist a sequence (h i ) i∈N of constants h i > 0 such that h i ↓ 0 and a sequence (u i ) i∈N of k-forms u i ∈ C ∞ k (X, C) such that ||u i || ω = 1 for every i and
Then, there exists a subsequence (u i l ) l∈N of (u i ) i∈N such that (u i l ) l∈N converges in the L 
we get
Meanwhile, the∂-Laplacian ∆ ′′ is elliptic and the manifold X is compact, so the Gårding inequality yields constants δ 1 , δ 2 > 0 such that the first inequality below holds:
where || || W 1 stands for the Sobolev norm W 1 induced by the metric ω. The second inequality above holds for some constant C 1 > 0 since the quantity ∆ ′′ u i , u i ω converges to zero (cf. (40)), hence is bounded, and ||u i || ω = 1 by the hypothesis of Theorem 4.14.
Consequently, the sequence (u i ) i∈N is bounded in the Sobolev space W 1 (a Hilbert space), so by the Banach-Alaoglu Theorem there exists a subsequence (u i l ) l∈N that converges in the weak topology of W 1 to some k-form u ∈ W 1 . In particular, the following convergences hold in the weak topology of distributions:
On the other hand,
Comparing this with the above convergences in the weak topology of distributions, we get∂ u = 0 and∂ ⋆ u = 0, which, by (18), is equivalent to u ∈ ker (
Note that by the Rellich Lemma (asserting the compactness of the inclusion W 1 ֒→ L 2 ), the convergence of (u i l ) l∈N to u in the weak topology of W 1 implies that (u i l ) l∈N also converges in the L 2 -topology to u. Moreover, the ellipticity of ∆ ′′ and the relation u ∈ ker ∆ ′′ imply that u is C ∞ .
• Case r = 2. In this case, Hypothesis (39) means that
this implies that
Since the orthogonal projection p ′′ onto ker ∆ ′′ is continuous w.r.t. the L 2 -topology and since p ′′∂ = 0 and p ′′∂⋆ = 0 (because Im∂ ⊥ ker ∆ ′′ and Im∂ ⋆ ⊥ ker ∆ ′′ ), an application of p ′′ to (41) yields
On the other hand, we know from the discussion of the case r = 1 (whose weaker assumption is still valid in the case r = 2) that there exists a subsequence (u i l ) l∈N that converges in the weak topology of W 1 to some k-form u ∈ W 1 . Thus, ∂u i l −→ ∂u ∈ L 2 in the weak topology of L 2 as l → +∞. This means that
as l → +∞. (The second convergence follows from the first since ||p
′′ is self-adjoint, so the last convergence translates to
This means that p ′′ ∂u i l converges to p ′′ ∂u in the weak topology of L 2 as l → +∞. However, we know from (42) that p ′′ ∂u i l converges to 0 in the L 2 -topology. Hence p ′′ ∂u = 0. The same argument run with ∂ ⋆ in place of ∂ yields that p ′′ ∂ ⋆ u = 0. On the other hand, we know from the discussion of the case r = 1 that u ∈ ker∂ ∩ ker∂ ⋆ = ker ∆ ′′ , so we get
• Case r ≥ 3. Using the information from the first two cases and from subsection §.4.4, this last case can easily be dealt with as follows.
For each of the k-forms u i given by the hypotheses of Theorem 4.14, we consider the splitting
and w i ∈ E p, q ∞ , and the corresponding splitting 
We even get
Defining in an ad hoc way a "formal" Laplacian by ∆ Proof of Theorem 4.12. It is an immediate consequence of Theorem 4.14. Indeed, fix any r ∈ N ⋆ and k ∈ {0, . . . , 2n} and suppose that inequality (36) does not hold. Then, the reverse strict inequality holds, so there exists a sequence (h i ) i∈N of positive constants such that h i ↓ 0 when i → +∞ and a sequence (u i ) i∈N of eigenvectors for the Laplacians ∆ h i acting on k-forms such that ||u i || ω = 1,
Thanks to Theorem 4.14, there exists a subsequence (u i l ) l∈N of (u i ) i∈N such that (u i l ) l∈N converges in the L 2 ω -topology to some k-form u ∈ H k r ≃ E k r . However, the form u is orthogonal to H k r since u i ⊥ H k r for all i and the orthogonality property is preserved in the limit. Since ||u|| ω = 1 (because ||u i || ω = 1 for all i), u = 0, so u cannot be at once orthogonal to and a member of H k r . This is a contradiction.
Consequences of Theorem 1.3
The following consequences of Theorem 1.3 are of independent interest. Proposition 5.1. Let X be a compact complex manifold with dim C X = n. For every r ∈ N ⋆ and every k = 0, . . . , 2n, the following identity (a kind of numerical Poincaré duality extended to all the pages of the spectral sequence) holds:
where, as usual, E k r = p+q=k E p, q r is the direct sum of the spaces of total degree k on the r th page of the Frölicher spectral sequence of X. This is an immediate consequence of Theorem 1.3 and of the following Proposition 5.2. Let (X, ω) be a compact complex Hermitian manifold with dim C X = n. Fix an arbitrary constant h > 0. 
is well defined and an isomorphism.
In particular, the operators ∆ h : C k on k-forms, we get the following equivalences:
where (a) was obtained by conjugating and then applying the isomorphism ⋆. This shows the well-definedness of the linear map under consideration. Both the conjugation and ⋆ are isomorphisms, hence so is that linear map. The last consequence of Theorem 1.3 that we notice in this section is the following degeneration criterion for the Frölicher spectral sequence.
Note that we can also write | ([∂,
, u for every form u, which, alongside (44), yields
. This is slightly better than (43) if the r.h.s. is non-negative, but worse otherwise.
We shall now give a sufficient condition for the r.h.s. of (43) to be non-negative. 
where for (a) we used the fact that u h ∈ ker [τ, 
for all h ∈ (0, h 0 (k)).
If the lower bound −Ch 2 in (54) could be improved to 0, then we would have ∆ h ≥ h 2 ∆ for all 0 < h ≪ 1 (as in Corollary 6.3) and Conjecture 1.1 would follow by the argument spelt out at the end of section §.6.
